


Graduate Texts in Contemporary Physics 

Ser ies Editors: 

R. Stephen Berry 
Joseph L. Birman 
Jeffrey W. Lynn 
Mark P. Silverman 
H. Eugene Stanley 
Mikhail Voloshin 

Springer Science+Business Media, LLC 



Graduate Texts in Contemporary Physics 

S.T. Ali, J.P. Antoine, and J.P. Gazeau: Coherent States, Wavelets and 
Their Generalizations 

A Auerbach: Interacting Electrons and Quantum Magnetism 

N. Boccara: ModeUng Complex Systems 

T.S. Chow: Mesoscopic Physics of Complex Materials 

B. Felsager: Geometry, Particles, and Fields 

P. Di Francesco, P. Mathieu, and D. senechal: Conformal Field Theories 

A Gonis and W.H. Butler: Multiple Scattering in Solids 

K. Gottfried and T -M. Yan: Quantum Mechanics: Fundamentals, 2nd Edition 

K. T. Hecht: Quantum Mechanics 

J.H. Hinken: Superconductor Electronics: Fundamentals and 
Microwave Applications 

J. Illadik: Spinors in Physics 

Yu.M.lvanchenko and AA Lisyansk:y: Physics of Critical Fluctuations 

M. Kaku: Introduction to Superstrings and M-Theory, 2nd Edition 

M. Kaku: Strings, Conformal Fields, and M-Theory, 2nd Edition 

H.V. Klapdor (ed.): Neutrinos 

R.L. Liboff (ed): Kinetic Theory: Classical, Quantum, and Relativistic 
Descriptions, 3rd Edition 

J.W. Lynn (ed.): High-Temperature Superconductivity 

HJ. Metcalf and P. van der Straten: Laser Cooling and Trapping 

R.N. Mohapatra: Unification and Supersymmetry: The Frontiers of 
Quark-Lepton Physics, 3rd Edition 

V.P. Nair: Quantum Field Theory: A Modem Perspective 

R.G. Newton: Quantum Physics: A Text for Graduate Students 

H. Oberhummer: Nuclei in the Cosmos 

G.D.J. Phillies: Elementary Lectures in Statistical Mechanics 

R.E. Prange and S.M. Girvin (eds.): The Quantum Hall Effect 

(continued after index) 



Harold J. Metcalf 
Peter van der Straten 

Laser Cooling and Trapping 

With 115 Illustrations 

, Springer 



Harold J. Metcalf 
Department of Physics 
SUNY at Stony Brook 

Peter van der Straten 
Debye Institute 

Stony Brook, NY 11794-3800 
USA 
hmetcalf@notes.cc.sunysb.edu 

Faculty ofPhysics and Astronomy 
Princetonplein 5 
3584 ee Utrecht 
The Netherlands 
P. vanderStraten@phys.uu.nI 

Series Editors 
R Stephen Berry 
Department of Chemistry 
University of Chicago 
Chicago, IL 60637 
USA 

Mark P. Silverman 
Department of Physics 
Trinity College 
Hartford, CT 06106 
USA 

Joseph L. Birman 
Department of Physics 
City College of CUNY 
New York, NY 10031 
USA 

H. Eugene Stanley 
Center for Polymer Studies 
Physics Department 
Boston University 
Boston, MA 02215 
USA 

Library of Congress Cataloging-in-Publication Data 
Metcalf, Harold J. 

Laser cooling and trapping / H.J. Metcalf, P. van der Straten. 
p. cm. - (Graduate texts in contemporary physics) 

Includes bibliographical references and index. 

Jeffrey W. Lynn 
Department of Physics 
University of Maryland 
College Park, MD 20742 
USA 

Mikhail Voloshin 
Theoretical Physics Institute 
Tate Laboratory of Physics 
University of Minnesota 
Minneapolis, MN 55455 
USA 

ISBN 978-0-387-98728-6 ISBN 978-1-4612-1470-0 (eBook) 
DOI 10.1007/978-1-4612-1470-0 
1. Laser manipulation. 2. Laser cooling. 1. Van der Straten, P. 

II. Title. III. Series. 
QC689.5.L35 M47 1999 
539.7-dc21 98-55408 

Printed on acid-free paper. 

© 1999 Springer Science+Business Media New York 
Originally published by Springer-Verlag New York, Inc. in 1999 
AII rights reserved. This work may not be translated or copied in whole or in part without the written 
pennission ofthe publisher (Springer Science+Business Media, LLC ), except for brief excerpts 
in connection with reviews or scholarly analysis. Use in connection with any form of information 
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodo­
logy now known or hereafter developed is forbidden. 
The use of general descriptive names, trade names, trademarks, etc., in this publication, even ifthe 
fonner are not especially identified, is not to be taken as a sign that such names, as understood by 
the Trade Marks and Merchandise Marks Act, may accordingly be used freely by anyone. 

(AUIMVY) 

9 8 7 6 543 

ISBN 978-0-387-98728-6 

springeron/ine.com 



To the memory of my parents 

Voor Wilma, Lieke en Anouk 



Foreword 

When Hal Metcalf and I began to work on laser cooling of neutral atoms in about 
1979, we found ourselves in a field that was nearly unoccupied by other researchers, 
or by any real understanding of what the problems and possibilities were. While 
the study of laser cooling of trapped ions was well under way, only two other 
groups had ventured into laser manipulation of neutral atoms, one in Moscow 
and one at Bell Labs (although the latter had temporarily dropped this line of 
research). Today, laser cooling and its applications represent one of the major 
subfields of atomic, molecular and optical physics, with over one hundred active 
groups around the world. Laser cooling has been the enabling technolgy for a wide 
range of new endeavors. These range from a new generation of atomic clocks, 
which are operating or under construction in many of the world's major standards 
laboratories, to the achievement of Bose-Einstein condensation in atomic alkali 
vapors, one of the fastest growing fields of basic research at the close of the 
twentieth century. From the highly practical to the very fundamental, laser cooling 
has become an important part of many research programs. 

With this explosion of interest in laser cooling came the obvious question of 
writing a book about it. The "right time" to write a book on a new subject is a 
delicate thing. On the one hand, the subject needs to be well enough understood 
and developed so one can produce a text that stands the test of time, a text that 
will not be outdated in a few years. On the other hand, one wants the subject to 
be exciting and of current interest. Metcalf and Van der Straten are two of the 
finest scientists in the field of laser cooling and they have written the right book 
at the right time. Certainly, Laser Cooling and Trapping will serve as a valuable 
reference for researchers working in this field. More importantly it will serve to 
introduce young people to this exciting field. Now, when someone asks me how to 
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start learning about laser cooling, I'll tell them to read Metcalf and Van der Straten. 
I fully expect that some of the most exciting developments yet to come will come 
from researchers who begin their study of laser cooling with this book. 

April 1999 William D. Phillips 
Gaithersburg, MD 



Preface 

The purpose of this book is to introduce students to the dramatic developments in 
electromagnetic control of atomic motions that has emerged since the 1980s. The 
book evolved from lectures and courses given by each of us at Stony Brook and 
Utrecht to advanced undergraduates and beginning graduate students. Its three 
parts have quite different purposes: Part I serves to review, but not teach, those 
elements of quantum mechanics and atomic physics that are applicable to the 
material that follows. Its last chapter addresses certain topics in kinetic theory 
and statistical physics. Part II introduces the experimental tools and techniques 
that have been used for electromagnetic control of atomic motion. The first such 
topic is simply slowing down atoms, usually called laser cooling. But trapping 
them with magnetic or optical fields (or both), focussing and steering them, and 
other kinds of manipulation are discussed. The theoretical methods developed 
in Part I are integrated into these descriptions. Part III discusses some of the 
manifold applications of the spectacular new tools provided to physicists by these 
technologies. It is divided-inte-twoMll:!-j><Uts: those topics for which the traditional 
classical description of atoms moving as classical p6ii1Tpartieles-iuppr~priate, and 
those topics for which this view must be abandoned and the center-of-mass motion 
of the atoms must be described quantum mechanically. It is here where some of 
the most dramatic progress has occurred: atoms in optical lattices, de Broglie wave 
optics, Bose-Einstein condensation, and the fascinating Schrodinger cat states. 

Although there are 50 year-old articles suggesting optical cooling, the topic at­
tracted serious attention with proposals for cooling trapped ions and neutral atoms, 
as well as trapping neutral atoms, at the end of the 1970s. The experimental aspects 
really began with trapped ions in the late 1970s and the beam slowing demonstra­
tions in Troitsk and Gaithersburg in the early 1980s. Then in 1985 the first neutral 



x Preface 

atom traps were demonstrated: trapping in velocity space was done with optical 
molasses at AT&T Bell Labs, and in configuration space with purely magnetic 
fields at Gaithersburg. Simultaneous cooling and trapping was demonstrated us­
ing the magneto-optical trap at AT&T Bell Labs in 1987. Then there followed an 
explosion of interest in this field that was culminated by the award of the Nobel 
Prize in Physics in 1997 to three of its earliest practitioners. 

The text is written from our experimentalists' perspective. There are no long, 
formal derivations, and most of the theoretical material is presented in a conver­
sational rather than formal manner. It is our goal to inspire the readers with some 
of the beautiful "finger physics" pictures that have evolved in this new field, even 
though there have been quite elegant formalisms developed by many theorists. Any 
book intended as a complete, up-to-date, thorough treatment would be obsolete in 
a few years, and for this lack of completeness we apologize to those whose work 
may have been slighted or omitted. Instead, we have intended this book to be a 
guide for students learning the basic elements of the field. 

Both of us are indebted to the generations of students and postdocs who have 
passed through our laboratories, and whom we have encountered in visits to other 
laboratories, who have taught us so very much. Their fresh approach to the new 
problems posed by this expanding field have made our research careers fascinating 
and our time a great pleasure. We also wish to thank Hanneke de Vries and the 
staff at Springer, including external readers, for all their work on the manuscript. 

June 1999 Harold J. Metcalf 
Peter van der Straten 
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Part I 

Introduction 



1 
Review of Quantum Mechanics 

This chapter presents a brief review of those aspects of quantum mechanics that 
are important for understanding some of the material to be found elsewhere in this 
book. Its purpose is not to teach the subject, because that is so very well done 
in numerous other textbooks [1-9]. Rather, the intent is to bring together certain 
things that are sometimes scattered throughout such texts, to establish notation 
and conventions, and to provide a reference point for many important and useful 
formulas. 

1.1 Time-Dependent Perturbation Theory 

The time-dependent SchrOdinger equation is 

.. . all1(i:, t) 
1t1l1(r,t)=lh , at (1.1) 

where 1t is the total Hamiltonian for an atom in a radiation field and r is the 
coordinate of the electron. The field-free, time-independent atomic Hamiltonian 
is denoted as 1to, its eigenvalues as En == hwn, and its eigenfunctions as lPn (r). 
Then 1tOlPn (r) = EnlPn (r). The interaction with the radiation field is described by 
1t' (t), and thus 1t(t) = 1to + 1t' (t) when the radiation is considered as a classical 
electromagnetic field, which is appropriate for laser cooling. Since the eigenfunc­
tions lPn(r) form a complete set, the solution lI1(r, t) of Eq. 1.1 is expanded in 
terms of lPn (r) as 

lI1(r, t) = L q(t)lPk(r)e-iwkl , 

k 

(1.2) 
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where the coefficients q (t) are generally time-dependent. The Schrodinger equa­
tion then becomes 

1t(t)l.{I(r,t) = [1to+1t'(t)]Lq(t)cf>di)e-iWkl (1.3) 

k 

= (iii) (~) L q(t)cf>k(r)e-iwkf . 
at k 

Multiplying on the left by cf>j(r) and integrating over spatial coordinates r gives 

dc' (t) 
ili-J- = "" c (t)1t'. (t)eiwjkl 

dt L... k Jk ' 
k 

(1.4) 

where 1tjk(t) == (cf>jl1t'(t)lcf>k) and Wjk == (Wj - Wk). 
Equation 1.4 is exactly equivalent to the SchrMinger equation 1.1: no approx­

imations have been made. However, for the case of an atom in a radiation field 
it is unsolvable, and so approximations are required. One of the most common 
approaches found in textbooks is the use of perturbation theory. For an atom in 
the ground state (k = 1) at t = 0, all q(O) = 0 except for c) (0) = 1. For the 
perturbation approximation, one chooses 

(1.5) 

for all k =1= 1 and does a formal time integration ofEq. 1.4 to calculate these q(t) 
values. The small components q(t) of the excited states cf>k(r) for k =1= 1 that 
are mixed into l.{I(r, t) become the transition amplitudes and their squares are the 
transition rates. 

For transitions to the continuum, such as photoionization, averaging over the 
density of final states results in the familiar "Fermi Golden Rule" of quantum me­
chanics. For transitions between discrete states driven by radiation whose spectral 
width is larger than the natural width of the transition, averaging over the spectral 
density gives the same golden rule. 

1.2 The Rabi Two-Level Problem 

Such a textbook approach is not suitable for narrow-band laser excitation of atoms, 
however, because large excited-state populations are possible, thereby violating 
Eq. 1.5. Instead, a different approximation is made by truncating the summation of 
the exact Eq. 1.4 to just two terms, the single ground and excited state connected 
by the laser frequency, and solving the resulting coupled differential equations 
directly. Such a calculation for a two-level system was first studied by Rabi [10] in 
connection with magnetic resonance, and is described very well in textbooks [5,11]. 

The solution of this Rabi problem begins by absorbing any diagonal elements 
of1t'(t) into 1to, and then only one nonzero value, 1t~e(t) = 1t~g *(t), remains in 
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the summation (here 1 --* g and 2 --* e). Then Eq. 1.4 becomes 

dcg(t) . 
ili-- = C (t)H' (t)e- 1Wat 

dt e ge 
(1.6a) 

and 
iii dce(t) = C (t)H' (t)e iwat 

dt g eg , 
(1.6b) 

where Wa == Weg is the atomic resonance frequency. 
Evaluation of H~e (t) begins in the most general way by writing 

H(t) = p2/2m + V, (1.7) 

where V is the Coulomb potential seen by the electron whose momentum is p, and 
then by replacing p by the canonical momentum to obtain p - (e/c)ACr, t), where 
A (1:, t) is the vector potential of the applied field, in this case, the laser light) . The 

Hamiltonian can now be expanded and manipulated, beginning with £ = A/c, 
until the expression 

H'(t) = -e£Cr, t) . r (1.8) 

emerges (this is the classically expected operator). Here the A2 term is not consid­
ered because it represents only the energy of the electromagnetic field of the light 
and is transparent to the atomic eigenstates lPn (r). (The reader is cautioned that 
deriving Eq. 1.8 is fraught with certain difficulties that have been discussed in the 
literature over the past 40 years, and will not be considered here [12,13].) 

Using Eq. 1.8 to solve Eqs. 1.6 for the case of only two atomic levels con­
nected by a single, narrow-band excitation requires the use of two very well­
known approximations in addition to truncating the sum in Eq. 1.4. The first of 
these approximations is the rotating wave approximation (RWA), which consists 
of neglecting terms of order l/we compared with terms of order 1/0, where we 
is the laser frequency and 0 is the laser detuning from the atomic resonance fre­
quency,o == We - Wa [1,3,14]. The second approximation is the electric dipole 
approximation, which consists of neglecting the spatial variation of £(r, t) over 
the region of the spatial integral of H~e (t) because the optical wavelength A is 
typically several hundred nm whereas the wavefunctions lPn (r) are almost entirely 
contained within a sphere of radius typically < 1 nm. 

For a plane wave traveling in the positive z direction, the electric field operator 
is 

£(r, t) = Eoe cos(kz - wet), (1.9) 

where e is the unit polarization vector and Eo is the amplitude of the light field. 
The coupling element for this case becomes H~g(t) = lin cos(kz - wet), where 
n is the Rabi frequency defined by 

-eEo 
n == -1i-(e1r lg ) (1.10) 

I Although the present discussion refers to a quasi one-electron atom, the fonnulation is more general 
and is valid for other atoms as well. 
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and r is the electron coordinate. Here the electric dipole approximation has been 
made. For a two-level atom the dipole moment of the atom er is parallel to the 
polarization e of the field. This will be reconsidered in more detail in Chapter 4, 
where "real" atoms with mUltiple levels are discussed. However, the present ap­
proach is perfectly valid for a two-level atom, where the coupling strength between 
the atom and the field can always be identified with a single Rabi frequency. The 
reader should note that there are many definitions of Q in the literature, but this 
one is chosen because it is the real oscillation frequency of ICk (t) 12 for 0 = O. 

The Rabi frequency is proportional to the matrix element (elrlg), which, in 
general, is not easily calculated. For the hydrogen atom, the wavefunction of the 
electron in the bound states is known, and these elements can be calculated accu­
rately, but for all other atoms the situation is more complicated (see Sec. 4.5). 

The two Eqs. 1.6 can be uncoupled by differentiating the first One and substituting 
for Ce to find 

(l.11a) 

and 
d2ce(t) . dce(t) Q2 
dT + l0d[ + 4Ce(t) = 0, (l.11b) 

where the RWA has been made. This result applies to the case of a two-level atom 
interacting with a single frequency field, but in laser cooling it is often necessary 
to consider more complicated atoms and fields, such as multilevel atoms in a 
multifrequency field. This will be discussed in more detail in Chapter 4. 

The solution of Eqs. 1.11 for the same initial conditions as On p. 4, namely, 
cg(O) = 1 and ce(O) = 0, are 

cg(t) = cos - - i-sin - e+101 / 2 ( Q't 0 Q't) . 
2 Q' 2 

(l.12a) 

and 
Q Q't . 

C (t) = -i - sin _e-1Ot / 2 
e Q' 2 ' 

(1.12b) 

where 
(l.12c) 

Note that the probability for finding the atom in the initial state g or the excited 
state e, Icg (t)12 or Ice (t)12, oscillates at frequency Q', and that increasing the de­
tuning 101 increases the frequency of the oscillation while decreasing its amplitude 
as shown in Fig. 1.1. The segment of the oscillation associated with the transition 
from the excited state down to the ground state corresponds exactly to stimulated 
emission, and the result here illustrates clearly why the Einstein coefficients Bkj 

and Bjk are equal. When sin2 (Q't/2) is between its extreme values, the system 
may be driven toward either ground or excited state depending on the relative phase 
between the driving field t(r, t) and the oscillations of llI(r. t) (see Eq. 1.2). 
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FIGURE 1.1. Probability ICe(t)12 for the atom to be in the excited state for n = y and 13 = 
o (solid line), 13 = y (dotted line), and 13 = 2.5y (dashed line). Time is in units of l/y. 

1.2.1 Light Shifts 

In the presence of the off-diagonal Hamiltonian matrix elements of the operator 
1i' (t), the energies En that are the eigenvalues of1io are no longer the eigenvalues 
of the full Hamiltonian. The energy shifts are most readily found by first eliminating 
the time dependence associated with 1i'(t). An algebraic equivalent to the usual 
textbook approach oftransforming to a rotating frame [14] is to replace the c's in 
Eqs. 1.6 by 

(1.13a) 

and 
(1.13b) 

(Note that the rotating frame transformation is exact, as is this algebraic equivalent, 
and is completely different from the RWA.) Substituting these c's into Eqs. 1.6 
and then making the RWA for 1i~e(t) gives 

dc~(t) I lin 
ili-- = c (t)-

dt e 2 
(1.l4a) 

and 

iii d«t) = c~(t) lin _ c~(t)li8. 
dt 2 

(1.l4b) 

Now the oscillations of Eqs. 1.6 are gone. This new set of equations is exactly 
what would arise by evaluating Eq. 1.4 directly with both a time-independent 
perturbation 1i~e and the time dependence e-iwkt absorbed directly into each of 
the q(t)'s so that the unperturbed energies of states g and e do not appear. This 
justifies the next step of diagonalizing the matrix formed from the coefficients of 
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FIGURE 1.2. Energies of the two coupled states with the light field off and the light field 
on. The states are shifted due to the atom-light interaction, and the shift is called light shift. 

Eqs.1.14: 

(1.15) 

The solutions show that the shifted energies are given by 

Ii / 
Ee,g = "2(-8 =f Q), (1.16) 

as shown in Fig. 1.2. In the limit where Q « 181, the resulting energies are shifted 
by 

(1.l7a) 

and 

(1.l7b) 

Since the light intensity is proportional to Q2, !:lEg,e as given above is appropriately 
called the light shift. In the limit Q » 181, the solutions give !:lEg = sgn(8)IiQ/2 
and !:lEe = -sgn(8)IiQ/2, where sgn(8) == 8/181. The eigenstates corresponding 
to !:lEg,e are called the dressed states of the atom and are calculated in the next 
section. Very often the light field is not homogeneous (e.g., in a standing wave) 
producing a spatially dependent light shift !:lEg,e(r). The force that results from 
this gradient of energy is called the dipole force and is discussed in more detail in 
Chapter 9. 
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FIGURE 1.3. Energy level diagram for the atom plus field Hamiltonian. In each vertical 
column there is the familiar level scheme of a typical atom, but the columns are vertically 
displaced by liwe because of the addition of one laser photon per column. The nearly 
degenerate pairs are indicated. 

1.2.2 The Dressed Atom Picture 

The eigenfunctions ofthe Schr6dinger equation for a two-level atom in a monochro­
matic field are best described in terms of the "dressed states" of the atom [5]. It 
begins with the total Hamiltonian 

(1.18) 

where Ha is the usual atomic part denoted by Ho in Sec. 1.1 that gives the atomic 
energy levels, Hrad = liwe (a t a + 1/2) is the radiation part whose eigenvalues are 
En = (n + 1/2)liwe, and Hint is the atom-field interaction such as H' (t) in Sec. 1.1 
that causes transitions as well as light shifts. 

The energy level diagram of the first two terms in Eq. 1.18 consists of the 
ordinary atomic energies repeated for each value of n and vertically displaced by 
liwe each time, as shown schematically in Fig. 1.3. Attention is focused on the 
two atomic states coupled by the laser light that form closely spaced pairs of one 
excited state and one ground state separated by 1iO, as shown in Fig. 1.4. They are 
each mixtures of the ground and excited states, found by diagonalizing the matrix 
in Eq. 1.15. 

The third term in the Hamiltonian, the interaction between the atom and the 
field embodied in Hint. couples the ground and excited states that form each of 
these pairs through the off-diagonal matrix elements H~e (t). This splits the energy 
levels farther apart to IiQ' as given in Eq. 1.12c. Q' is independent of the sign of 
8, and the shift Ii(Q' - 181)/2 is the light shift of each dressed state (see Eq. 1.16). 
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FIGURE 1.4. The nearly degenerate pairs of energy levels of Fig. 1.3. In the presence of 
the coupling interaction, each of these pairs is a mixture of ground and excited states, so 
each can decay by spontaneous emission as indicated. This figure is different from Fig. 1.2 
because the energy levels here are separated only by 8, whereas in Fig. 1.2 their separation 
is (J)a. 

The light also mixes the states by an amount expressed in terms of a mixing 
angle () given by cos(2(}) == -fJ/Q', so that each ground state is mixed with a 
component of excited state and vice versa. These eigenstates of the Hamiltonian 
including this interaction are called the "dressed states" of the atom in the field [5]. 
The eigenfunctions are given by 

11>,) = cos (}Ig) - sin (}Ie) (1.19a) 

and 

1rf>2) = sin (}Ig) + cos(}le). (1.19b) 

In a standing wave, the light shifts of these dressed states vary from zero at the 
nodes to a maximum at the antinodes. The spatially oscillating energies found from 
Eq. 1.16 are not sinusoidal, except in the limit of fJ » Q. This is apparent because 
these oscillatory terms will always be dominated by fJ2 in the vicinity of a node. 
Thus, for any value of Q » fJ, the expansion of Eq. 1.16 as t1E ~ IiQI cos kzl/2 
will eventually fail near a node. 

The spatial variation of the internal energy of the atoms results in a force related 
to the gradient of the energy. Although a more thorough and rigorous discussion 
of optical forces is given in later chapters, it is simply noted here that the spatial 
average over a wavelength of this force vanishes. However, the potential, and hence 
the force, is different for different atomic states, and spatially dependent optical 
pumping among various states of multilevel atoms can result in a non-vanishing 
force. 
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FIGURE 1.5. Graphical representation of the Bloch vector R on the Bloch sphere. 

1.2.3 The Bloch Vector 

Because the overall phase of the wavefunction has no physical meaning, there 
are really only three free parameters in the solutions of Eqs. 1.6 for the complex 
q(t)'s. In a classic paper, Feynman, Vernon, and Hellwarth [15] considered a 
transformation to a rotating frame where they then combined the real and imaginary 
parts of the q(t)'s to form the three real parameters 

rl == CgC; + C;Ce, (1.20a) 

.( * *) r2 == , cgce - cgce , (I.20b) 

and 
r3 == Icel2 - Icgl2. (1.20c) 

The equations of motion 1.6 can be used to show that, in the rotating frame, a 
vector R whose components are the three ri 's given above, obeys 

dR .. .. 
-=QxR, 
dt 

(1.21) 

where the vector n has the three components Re(1i~e)' Im(1i~e)' and M. Usually 

1i' is taken to be real, so Im(1i~e) vanishes and the components of n become 
1i~e' 0, and M. This result is equivalent to the "Bloch vector" picture [16] and is 
graphically depicted in Fig. 1.5. 

Equation 1.21 shows that the Bloch vector R precesses with time without chang­
ing length, and its motion is thus confined to the surface of a sphere. The south 
(north) poles of this sphere correspond to the ground (excited) states of the atom, 
and equatorial points correspond to equal superpositions with various phases. 
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(a) (b) (c) 

FIGURE 1.6. The evolution of the Bloch vector R during adiabatic rapid passage. (a) It 
begins with small precessions near the South pole because the atom starts in the ground state 
and the large detuning makes Q pass near the poles. (b) As the detuning approaches zero the 
precession of R becomes large circles centered on a point near the equator as shown in the 
center picture. (c) Finally the detuning is very large in the opposite sense to its beginning, 
resulting in small circular precession near the North pole. Thus the atom is left in the excited 
state. In all three pictures, the x component of Q is chosen to be zero, and the y component 
is constant as shown. The detuning is represented by the z vector pointing downward at the 
start (a) and upward at the end (c). 

When 1i8 » 11l~el, the precession axis passes very nearly through the poles. 
In this case, an atom initially in the ground state undergoes rapid precessions on 
a small circle near the south pole and thus has a small excitation probability, as 
shown in Eq. 1.12 and Fig. 1.1. By contrast, for 8 = 0, Q passes through the equator 
so an atom initially in the ground state is described by a Bloch vector R undergoing 
slow, full-circle oscillations through the poles. The response of an atom initially 
in an equal superposition of ground and excited states (on the equator) to a field 
tuned to resonance (8 = 0) will therefore depend strongly on the components of 
R and thus on the mechanism that produced the superposition. 

The steady state for the Bloch vector is given by Q x R = O. There are two such 
Bloch vectors, where one is parallel and the other antiparallel to Q. It can easily 
be shown that these two vectors correspond to the eigenstates ofEq. 1.19. 

1.2.4 Adiabatic Rapid Passage 

The motion of R on the Bloch sphere allows a particularly graphic interpretation 
of a phenomenon called adiabatic rapid passage. If the frequency of the applied 
field is swept through resonance, an atom initially in the ground state is left in 
the excited state (and vice versa) with very high probability. At the beginning of 
the frequency sweep, R executes small, rapid orbits near the south pole, and these 
grow in size as 8 sweeps toward 9 and the precession axis consequently ~proaches 
the equatorial plane. At 8 = 0, R undergoes polar oscillations because Q is now in 
the equatorial plane, but the continually shifting axis now moves the center of the 
orbit on the surface of the sphere toward the north pole. Near the end of the sweep, 
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FIGURE 1.7. Schematic diagram of the adiabatic rapid passage experiment of Ekstrom et 
al. [17]. A metastable He beam crosses the axis of a focused laser beam at a distance L R. 

R executes small, rapid orbits near the north pole, and at the end of the sweep, R 
is left at the north pole, and the atom is left in the excited state (see Fig. 1.6). 

The name adiabatic rapid passage may seem a bit enigmatic: how can something 
be both adiabatic and rapid? During the process of raising R from the south to the 
north pole of the Bloch sphere, there is always some component of the excited 
state present, with a corresponding probability of spontaneous decay. Thus this 
coherent excitation process can succeed only if it occurs in a time short compared 
with the natural lifetime of the excited state 4Je(r), so it must be fast. Needless 
to say, it must also be slow enough for the precessing Bloch vector R to follow 
the evolving axis of Q adiabatically. Thus there are boundaries determined by the 
atomic parameters on the rate of sweeping the detuning d«5/dt. In practice, these 
limits can be satisfied with ordinary lasers and atoms, but it takes some effort. 

In a very clever experiment [17] this has been accomplished in an atomic beam 
(see Fig. 1.7). The atoms traverse a focused laser beam along path a, well away from 
its waist, so they experience a significant part of the wavefront curvature (which is 
strongest at the Rayleigh length, L R). As a result of the Doppler shift, the atoms 
first experience light whose frequency is shifted toward the blue, and then the 
frequency sweeps through «5 = 0 and toward the red as they leave the laser beam. 
(This sweep can be reversed by aligning the atomic beam along the alternative 
path a' shown in Fig. 1.7.) The Doppler shift is WD == -k· v = -kv cos e, where 
v is the atomic velocity, and k is the laser's wavevector whose magnitude is 2rr / A. 
From geometry, cot e = vt / L R. Thus for small angles e, the frequency sweep 
wDt = (-kv2 / LR)t is linear in time t. 

For the experiment discussed here [17], metastable He(23S» atoms (v ~ 2000 
mls) were excited to their 23p state (lifetime r ~ 100 ns) by A = 1.083 JLm light. 
For such atoms traversing a beam with a waist Wo ~ 1 0 JLm at a Raleigh length from 
it, the passage time 2-J2wo/v ~ 15 ns, is considerably less than the excited-state 
lifetime. The waist size and wavelength determine the beam's angular divergence to 
be A/rrwO, and hence a total frequency sweep of2v/rrwo, which is over 100 MHz. 
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Thus the intensity of the light is chosen to make Q « 1 00 MHz, and corresponds 
to a few mW/cm2 at the waist. The total power required is thus only a few nW! The 
experimenters used the deflection of the highly collimated beam of atoms resulting 
from their excitation, followed by the spreading caused by spontaneous emission, 
to determine that more than 98% of the atoms were excited this way. 

1.3 Excited-State Decay and its Effects 

In the discussion of time-dependent response of atoms to a radiation field above, 
the eigenfunctions of the time-independent Hamiltonian 1to were written as time 
independent. The wavefunction of the total Hamiltonian 1t in Eq. 1.2 included only 
the purely oscillatory behavior associated with the eigenvalues and the radiation­
induced time dependence of the Ck (t) 's. That discussion omitted the spontaneous 
decay of the excited states resulting from their interaction with the zero-point 
energy of the electromagnetic field. Spontaneous emission has played an important 
role in atomic physics since the conception of discrete atomic states by Bohr in 
1913. 

The problem of radiative transitions between discrete states in atoms was dis­
cussed by Einstein in 1917 [18], where he considered three radiative processes. In 
the first process, an amount of optical energy hwe (a "photon") is absorbed from an 
applied radiation field of angular frequency we, and atoms make transitions from 
the ground to the excited state. The newly introduced second process is stimulated 
emission, where a photon is emitted into the applied radiation field and the atoms 
make a transition from the excited to the ground state. Note that in both of these 
processes the total energy of the system consisting of the applied radiation field 
and the atoms is conserved. The third process is spontaneous emission, where a 
photon is also emitted and the atoms also make transitions from the excited to the 
ground state. However, unlike stimulated emission, the photon is not emitted in the 
mode of the radiation field, but has a random direction or polarization. Since the 
photon is emitted into the vacuum field, there is no longer conservation of energy 
for the system of radiation field plus atoms, since the vacuum field is outside the 
system. Finally, from the distribution of black body radiation, Einstein deduced 
that the fourth process, spontaneous absorption, is not possible. 

The discussion in this chapter so far has properly accounted for the two stim­
ulated processes discussed above (see Eqs. 1.11 and 1.12). The combined action 
of these two processes causes the oscillation in both the excited and ground state 
probabilities (see Fig. 1.1). For atoms initially in the ground state, the probability 
for absorption is large and the probability for them to go into the excited state 
increases. Once the atoms have a large probability to be in the excited state, how­
ever, the probability for absorption decreases and the probability for stimulated 
emission increases, which leads to the oscillations. 

Up to now, spontaneous emission has been left out of the discussion. Including 
it is very complicated, since it leads to loss of photons, and hence energy, from 
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FIGURE 1.8. Trajectories for atoms is a radiation field with Q = Y and 8 = -y, where y 
is the natural width. The number of atoms averaged over is I (a), 10 (b), and 100 (c). 

the system of radiation field and atoms. One way to avoid the difficulty might be 
to include the vacuum field in the system, which would then be closed as before. 
However, the task of doing so is formidable because both the emission direction 
and the polarization direction are random in spontaneous emission. Thus it would 
be necessary to include the entire continuum of these parameters in the system, and 
such a description is beyond the scope of this book. Furthermore, in most cases the 
properties of the emitted photon are not of interest, and information on the atom 
and the applied radiation field suffices. 

The usual way to treat this problem in quantum mechanics is to introduce the 
density matrix p and to discuss the excitation of the atoms in terms of populations 
and coherences instead of amplitudes. This follows in the next chapter. Here an 
alternative view of this problem is presented. 

This view is called the Monte Carlo wavefunction method and was recently 
described anew [19]. It is a numerical simulation that treats the evolution of the 
system with the same coupled Eqs. 1.6. However, at each instant there is some 
probability that an atom will undergo spontaneous emission within a certain, small 
time interval. This probability is proportional to the probability of the atom being 
in the excited state, Ice l2 . In this "gedanken" experiment the state ofthe system is 
observed by detecting the emitted photons with a photon counter. At each instant, 
the output of a random number generator is compared with the probability for a 
spontaneous emission, and if the random number is smaller, it is assumed that 
spontaneous emission has occurred (this is why this method is named after a city 
most famous for gambling). At that instant the evolution starts again from the 
values cg = 1 and Ce = O. Since there is no interest in the emitted photon, it is 
disregarded. 

Numerical results from this method are shown in Fig. 1.8. Note that there is a 
random aspect of the description, which means that repeating the procedure for 
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the same atom but with a different starting point in the pseudo random number se­
quence produces a different result. Thus a particular sequence results in a particular 
trajectory for a certain atom, but infinitely many different trajectories are possible. 
Figure 1.8a shows one possible trajectory for one atom. The oscillatory behavior 
is evident, as suggested in Fig. 1.1; however, the oscillations are interrupted by 
a spontaneous emission events near t = 1.9/y and t = 6.0/y. Repeating the 
procedure with N=lO or 100 atoms (see Figs. 1.8b,c) still results in oscillatory 
behavior for small time periods; however, these oscillations damp out for longer 
times. Also the discrete jumps, clearly visible for N = 1, can no longer be easily 
observed. This results from the averaging process, since the emission times are 
random and thus different for different atoms. This causes the oscillations to be 
damped and the excitation probability reaches its steady-state value. 

One common misconception that may arise from Fig. 1.8c is that the atoms 
eventually cease oscillating between the ground and excited states. In most ex­
periments, measurement are made on a large number of atoms and indeed the 
oscillations are damped. However, Fig. 1.8a clearly shows that each individual 
atom still oscillates, but that these oscillations are damped out by the averaging 
process. This topic will reappear in the density matrix approach that describes the 
evolution of an ensemble of atoms. 



2 
The Density Matrix 

Chapter 1 presented the equations for the coherent evolution of the amplitudes of 
a two-level atom in a radiation field. However, the effects of spontaneous emission 
cannot be described in terms of such coherent evolution of the eigenstates of 
the system. Spontaneous emission is most readily handled by the density matrix, 
which is introduced in this chapter. Since this topic is covered by many textbooks 
in quantum mechanics, it is only briefly presented in the first section here (for 
instance, see Ref. 20). In the next section it is applied to the specific case of a two­
level atom in a radiation field. The resulting equations are solved and discussed 
in terms of the effects of spontaneous emission on the interaction of atoms by 
radiation fields. 

2.1 Basic Concepts 

In quantum mechanics all information about a system in a pure state is stored 
in the wavefunction IW}. However, in an experiment IW} cannot be measured 
directly. Instead, one can only determine the expectation values of a set of quantum 
mechanical operators A given by 

(A) = (WIAIW), (2.1) 

when W is normalized according to (WIW) = 1. By proper arrangement of the 
experiment the wavefunction can be determined completely, except for one un­
necessary parameter, the overall phase. 

Alternatively, the state of the system can be described by the density operator p, 
which is given by p = IW}(WI. The density operator p can be written in terms of 
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the n x n density matrix, where n is the number of wavefunctions that completely 
spans the Hilbert space. In general, the wave function \11 can be expanded in a basis 
set {¢n} as in Eq. 1.2, 

n 

\11 = LCi¢i, (2.2) 
i=1 

so that the elements of the density matrix become 

(2.3) 

and the normalization ofthe wavefunction yields Tr(p) = (\I1I\11) = 1. In the case 
of a two-level atom in a radiation field, n = 2 so that P is a 2x2 matrix. 

Clearly the elements Pij depend on the basis states {¢n}. The diagonal elements 
are the probabilities ICi 12 for the atom to be in state i, which are all between 0 and 
1. The off-~iagonal elements cicj are called the coherences, since they depend on 
the phase dIfference between Ci and C j. 

The expectation value of an operator given in Eq. 2.1 can be written as 

j i.j 

i,j j 

Note that ifthe wavefunction \11 is multiplied by an arbitrary phase factor eict , there 
is no change of any observable of the system as shown by Eq. 2.4. Also P remains 
unchanged in this case, as required for an observable. 

Since the density matrix contains n2 complex elements, in principle it would 
have 2n2 real, independent parameters. Because P is Hermitian (see Eq. 2.3), 
Pij = Pji and there remain n 2 independent elements. By contrast, thewavefunction 
\11 is completely specified by the expansion coefficients Ci, which contain only 
2n - 1 independent parameters apart from its overall phase. This reduction in 
the number of parameters arises because the system under discussion here is in 
a pure state, which means that there is a fixed relation between the diagonal and 
off-diagonal elements. This relation is found from Eq. 2.3 to be PijPji = PiiPjj. 

The alternative to such a pure state is a statistical mixture of several states {\11 n} 
that can no longer be specified by just a single wavefunction. In that case the state 
is represented by a density operator of the form 

(2.5) 

This relation has the intuitive meaning that the system is in state i with a certain 
probability Pi. It can easily be checked that there is no longer a fixed relation 
between diagonal and non-diagonal elements, but instead PijPji ~ PiiPjj. The 
complete information on the system now requires n2 independent elements of the 
density matrix. 
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The advantages of the density matrix formalism compared to the wave function 
approach can be summarized as follows: (1) It eliminates the arbitrary overall 
phase, (2) it establishes a more direct connection with observable quantities, and 
(3) it provides a powerful method for doing calculations. In addition, it can handle 
pure states as well as mixed states, the last one being of importance in the case of 
spontaneous emission. 

The distinction between pure states and statistical mixtures is of fundamental 
importance in quantum mechanics. Suppose that for a certain quantum mechanical 
system there is a complete set of commuting operators. The question if a set of 
commuting operators is complete depends on the system under study. Then one 
measurement with each operator completely determines the state. Any subsequent 
measurement with one of the operators yields the same outcome as before, since 
all operators commute with each other. In this way the system has been prepared 
in a pure state, also referred to as a state of "maximum knowledge". If there is no 
measurement with one of the operators of this complete set, there is no information 
on the outcome of such a measurement. The system will then be in a statistical 
mixture of states H\IInH with a probabilities pj to be in a pure state \IIj, where i 
labels the eigenstates of the unmeasured operator. 

Spontaneous emission results in a transition of the system from an initial to a 
final state and can convert a pure state to a statistical mixture. This can happen 
because statistical mixtures are not only a consequence of incomplete preparation 
of the system, but also occur if there is only partial detection of the final state. 
Suppose a system consists of two parts A and B, such as an atom and a radiation 
field that are coupled, but only part A is observed. Then information about part B 
is lost, and a statistical average over part B is necessary. Using the density matrix 
to describe the system, one has to take the trace over part B, or 

(2.6) 

If the system was initially in a pure state, the incomplete detection process causes 
the pure state to evolve into a statistical mixture. 

As an example, consider a two-level atom in the excited state. After a short time 
the atom has a probability to remain in the excited state or it can make a transition 
to the ground state by spontaneous emission of a photon. The evolution of this 
system is given by 

1\11) = a(t)le; 0) + L !Js(t)lg; Is), 
s 

(2.7) 

where the state of the atom is indicated by e or g and the emitted photon by 
S = (k, e) with its wavevector k and its polarization e. Note that the photon can 
be emitted in all directions with a certain polarization, so the sum runs over all 
possible values of S. If one only observes the state of the atom and not the emitted 
photon, then the atom will be found in either the excited state Ie) or the ground state 
Ig); however, it will no longer be in a pure state. The new state can be described 
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by its density matrix Patom: 

Patom = Trph I \II} (\III = Icx(t)1 2 Ie}(el + L IfJs(t)12 Ig}(gl. (2.8) 
s 

The pure state I\II} has evolved to a statistical mixture of Ie} and Ig} since the 
emitted photon has not been observed. Equation 2.8 shows that phase information 
has been lost from Eq. 2.7. 

From the definition of the density matrix in Eq. 2.3, it is easy to show that for a 
pure, normalized state p2 = p, whereas for a statistical mixture p2 =f:. p. In a pure 
state, one of the eigenvalues of the density matrix is unity and all the others are 
zero. In the case of a statistical mixture there are several eigenvalues between 0 and 
1, which are the probabilities for the state to be in a particular eigenstate. These 
properties make it possible to determine from a given density matrix whether the 
system is in a pure state or not. 

2.2 Spontaneous Emission 

The previous section showed that spontaneous emission causes a pure state to 
evolve into a mixed state because only the atom and the laser field are considered 
(part A) and not the spontaneously emitted light (part B). This results in a huge 
simplification of the description because the spontaneously emitted light can travel 
in many different directions and have different polarizations. The number of modes 
is infinite and this complicates the situation enormously. Furthermore, spontaneous 
emission cannot be properly handled within the framework of a semiclassical 
description of the electromagnetic field as was done in Chapter 1, because it is 
induced by vacuum fluctuations of the field. There are various books describing 
the quantization of the field that produces such fluctuations, and these books should 
be consulted for details [21-23]. 

In his famous 1917 paper [18], Einstein not only showed that stimulated emis­
sion was necessary to explain Planck's blackbody spectrum, but also derived the 
spontaneous emission rate using detailed balancing between spontaneous and stim­
ulated processes. Although his result is correct, his derivation does not show the 
true nature of the spontaneous emission process. Its properties emerge from the 
Wigner-Weisskopftheory that is summarized here [24]. In this theory it is shown 
that an atom in the excited state decays exponentially as a result of the fluctuations 
of the quantized vacuum field. The rate of this decay process is just the spontaneous 
emission rate. 

Consider an atom in the excited state at t = 0 and no photons in the radiation 
field. The system is in a pure state Ie; O}, where the first parameter in the ket 
describes the state of the atom and the zero indicates the absence of photons in 
the field. The system makes a transition from the excited to the ground state by 
spontaneous emission, emitting one photon into the radiation field. Then the state 
is denoted by Ig; Is} with S = (k, e) the mode of spontaneous emission, where 
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the direction of the emitted photon is explicitly indicated by its wavevector k and 
its polarization bye. The state of the system can now be described analogously to 
Eq. 1.2 by 

\{I(t) = ceoe-iWe'le; 0) + LCglSe-i(Wg+W)'lg; Is), (2.9) 

s 

where the sum is over all possible modes S. Note that the frequency w in the 
exponent must be replaced by kc for the summation. Even though the summation 
runs over an infinite number of modes, this notation is sufficient for now. 

To describe the evolution of the wavefunction in time, the Hamiltonian of the 
system has to be defined. This requires the quantization of the electromagnetic 
field, which will not be described here. However, the only part of the Hamiltonian 
that couples the two states in Eq. 2.9 is the atom-field interaction: the atomic and 
field parts play no role. This coupling is analogous to its semiclassical counterpart, 
and the result for the time evolution of the two states is 

. dCeQ(t) _ '" (t) n -i(w-wa), 
I - ~CglS ~'s e 

dt s 
(2. lOa) 

and 
.dCglS(t) _ ( ) n* i(w-wa ), 
I - CeO t Us e . 

dt 
(2. lOb) 

These equations are similar to Eq. 1.4, where the coupling for each mode is given 
by nOs = -;1 . Ew and Os is called the vacuum Rabi frequency. The dipole 
moment is;1 = e{elrlg) and the electric field per mode is found from the classical 
expression for the energy density to be 

(2.11) 

Here V is the volume used to quantize the field, and it will eventually drop out of 
the calculation. The total energy of the electromagnetic field in the volume V is 
given by hwj2, corresponding to the zero point energy of the radiation field. By 
directly integrating Eq. 2.10b and substituting the result into Eq. 2.10a, the time 
evolution of ceo(t) is found to be 

dC~~(t) = _ L IOsl2 t dt'e-i(w-wa)(t-t')ceo(t'). 
s Jo 

(2.12) 

This represents an exponential decay of the excited state, and to evaluate the decay 
rate it is necessary to count the number of modes for the summation and then do 
the time integral. 

To count the number of modes S = (k, e), represent the field by the complete set 
of traveling waves in a cube of side L. Since the field is periodic with a periodicity 
L, the components of k are quantized as ki = 2rrn;/L, with i = x, y, z. Then 
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dni = (L/2rr)dki and therefore dn = (L/2rr)3d3k. The frequency W is given by 
w = kc, so 

Va} 
dn = 2 x -3-3 sin () dwd()dt{J. 

8rr c 
(2.13) 

The factorof2 on the right-hand side ofEq. 2.13 derives from the two independent 
polarizations e of the fluorescent photons. Now replace the summation in Eq. 2.12 
by an integration over all possible modes, insert the result of Eq. 2.13, and then 
integrate over the angles () and t{J to find 

(2.14) 

where the volume V has dropped out, since 1 Qs 12 ex 1/ V. In this result, the 
orientation of the atomic dipole with respect to the emission direction has been 
taken into account, which yields a reduction factor of 1~ for a random emission 
direction. 

The remaining time integral can be evaluated by assuming that the dipole mo­
ment J.L varies slowly over the frequency interval of interest, so it can be evaluated 
at w = Wa. Furthermore, the time integral is peaked around t = t', so that the co­
efficient ceo(t) can be evaluated at time t and taken out of the integral. The upper 
boundary of the integral can be shifted toward infinity, and the result becomes 

lim r dt' e-i(w-wa)(t-t') = rro(w _ wa ) _ P ( __ i_) , 
t-+oo 10 W - Wa 

(2.15) 

where o(x) is the delta function and P(x) is the principal value. The last term is 
purely imaginary and causes a shift of the transition frequency, which will not be 
discussed further. Substitution of the result of Eq. 2.15 into Eq. 2.14 yields the 
final result 

dceo(t) = -~c o(t) 
dt 2 e , 

(2. 16a) 

where 
W3J.L2 

Y = 3rrEollc3' 
(2.16b) 

Since the amplitude of the excited state decays at a rate y /2, the population of the 
state decays with y and the lifetime of the excited state becomes r == 1/ y . 

The decay of the excited state is irreversible. In principle, the modes of the 
spontaneously emitted light also couple to the ground state in Eqs. 2.10, but there 
is an infinite number of modes in free space. The amplitude for the reverse process 
has to be summed over these modes. Since the different modes add destructively, 
the probability for the reverse process becomes zero. The situation can be changed 
by putting the atom in a reflecting cavity with dimensions of the order of the optical 
wavelength A.. Then the number of modes can be changed considerably compared 
to free space. In quantum optics, several experiments have been carried out where 
this effect has been detected. 
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2.3 The Optical Bloch Equations 

It is straightforward to use Eq. 1.4 to show that the time dependence of the density 
matrix depends on the Hamiltonian simply as 

. dp 
lli- = [1i, pl. 

dt 
(2.17) 

This relation points out the special role of p in quantum mechanics. Note that the 
sign on the right-hand side is opposite to the usual Heisenberg equation of motion 
for quantum mechanical operators. The rest of this section continues the analysis 
of the Rabi two-level problem using the density matrix, which is written for a pure 
state as 

p = ( Pee 
Pge 

(2.18) 

The effects of the coupling to the light field and spontaneous emission can be 
added independently [25]. The evolution equation for the terms Pij in the case of 
interaction with a laser can be found by applying the evolution equation for the 
amplitudes, given by Eq. 1.11. For instance, in the case of Pgg this is 

dpgg dc g * dc; . Q* _ . Q _ 
dt = d(cg + cgd( = I TPeg -1"2 Pge , (2.19) 

where Pge == pgee-i8t . In the same manner, equations for the time derivative of 
the other elements of the density matrix can be obtained. Solving these equations 
gives the same solutions as Eqs. 1.12. The identification of Pij in terms of cicj is 
valid for a pure state, but loses its meaning for a statistical mixture. 

Spontaneous emission can now be described by an exponential decay of the 
coefficient Peg (t) with a constant rate y /2, 

( dPeg ) Y 
dt spon = -'2Peg ' 

(2.20) 

The ground state is stable against spontaneous emission, but the population of 
the ground state still changes because of the spontaneous emission process, since 
the excited state decays to the ground state. The loss of population of the excited 
state leads to a gain of population in the ground state. This leads to the following 
equations for the two-level system, including spontaneous emission: 

(2.21) 
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FIGURE 2.1. Probability ICe(t)12 for the atom to be in the excited state for Q = Y and 
Il = -y by numerical integration of the OBEs. The solutions are identical to the Monte 
Carlo wavefunction method with an infinite number of atom trajectories. Time is in units 
of l/Y. 

These equations are called the optical Bloch equations (aBE), in analogy to the 
Bloch equations for nuclear magnetic resonance. Note that dpee/dt = -dpgg /dt, 
in accordance with the requirement of a closed two-level system where the total 
population Pgg + Pee = 1 is conserved. 

Furthermore, it is explicitly assumed that the decay of the coherences and the 
decay of the excited state are described by a single parameter y. This will always be 
the case in the systems discussed within the framework of laser cooling. However, 
in cases where collisions between atoms playa role, the decay of the coherences and 
the populations are described by different decay parameters, and in those cases 
parameters Tt and T2 are introduced to account for this difference. For details 
regarding this issue the reader is referred to several books on this topic [7,14]. 

The steady-state solutions of Eqs. 2.21 are discussed in the next section. How­
ever, the temporal behavior can be found by direct numerical integration. The 
results are shown in Fig. 2.1 for the case Q = y and 8 = -y. This is identical to 
the result obtained with the Monte Carlo wavefunction method at the end of Chap­
ter 1, if an infinite number of trajectories is used in the Monte Carlo wavefunction 
method. 

2.4 Power Broadening and Saturation 

The steady-state solutions of the aBE can be found by setting the time derivatives 
to zero and exploiting certain relationships among the n2 = 4 real, independent 
parameters of P for a two-level system. The conservation of the population given 
by Pgg + Pee = 1 eliminates one of these parameters, and two of the others are 
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complex conjugates. Using the population difference w == Pgg - Pee and the optical 
coherence Peg = P;e in the aBE gives 

and 

dPeg (Y. ) iwQ dt = - "2 - zli Peg + -2-

dw . * * dt = -yw -1(QPeg - Q Peg) + y. 

(2.22a) 

(2.22b) 

The steady-state case has dPeg/dt = dw/dt = 0, and the resulting equations can 
be solved for wand Peg: 

W=--
I+s 

and 

Peg = 2(y /2 - ili)(1 + s)' 

Here the saturation parameter s is given by 

\Q\2 \Q\2/2 So 
s= - =------;:;-

- 2\(y /2 - ili)\2 - li2 + y2/4 - I + (2li/y)2' 

where the last step defines the on-resonance saturation parameter 

with the saturation intensity given by 

(2.23a) 

(2.23b) 

(2.24a) 

(2.24b) 

(2.24c) 

For the case of a low saturation parameter, s « 1, the population is mostly in 
the ground state (w = 1), whereas in the case of high s the population is equally 
distributed between the ground and excited state (w = 0). The population Pee of 
the excited state is given by 

I s so/2 
Pee = 2(1 - w) = 2(1 + s) = 1 + So + (2li/y)2' (2.25) 

and for s » 1, Pee approaches 1/2, Since the population in the excited state decays 
at a rate y, and in steady state the excitation rate and the decay rate are equal, the 
total scattering rate yp of light from the laser field is given by 

yp = YPee = I + So + (2li/y)2' 
soy/2 

(2.26) 

At very high intensities, where so» 1, yp saturates to y /2. This equation can be 
rewritten as 

( So ) ( y/2 ) 
yp = 1 + So I + (2li/y')2 ' 

(2.27a) 
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FIGURE 2.2. Excitation rate yp as a function of the detuning 8 for several values of the 
saturation parameter so. Note that for So > 1 the line profiles start to broaden substantially 
from power broadening. 

where 

y' = yJI +so (2.27b) 

is called the power-broadened linewidth of the transition. Because of saturation, 
the linewidth of the transition as observed in an experiment, where the absorption 
of light is detected while scanning its frequency, is broadened from its natural 
linewidth y to its power-broadened value y'. 

Figure 2.2 shows a plot of yp as a function of the detuning 8 for several values 
of the saturation parameter so. For large values of So there is a significant power 
broadening of the spectral profile, which is a direct consequence of the fact that 
for large So, the absorption continues to increase with increasing intensity in the 
wings, whereas in the center half of the atoms are already in the excited state. The 
absorption in the center of the profile is therefore saturated, whereas in the wings 
it is not. 

Note that other line-broadening mechanisms, such as the Doppler effect, pres­
sure broadening, and others, have been left out of the present discussion. However, 
they might also playa significant role under certain conditions, and their convolu­
tion with power broadening has to be considered carefully because of the different 
line shapes. 

The scattering of light from a laser beam results in intensity loss when the beam 
travels through a sample of resonant atoms. The amount of scattered power per 
unit of volume is given by hwypn, where n is the density of the atoms. Thus 
dl/dz = -hwypn for a laser beam of intensity I traveling in the z-direction. For 
low intensity light tuned near the atomic resonance, the scattering rate is given by 
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Yp ~ soY /2, so the absorption rate is 

dl - = -Gegn/, 
dz 

(2.28a) 

where the cross section Geg for scattering light out of the beam on resonance is 
given by 

liwy 3A.2 
Geg = - = -. (2.28b) 

2Is 2n 

Note that this cross section is of the order of A. 2 , which is much larger than the 
cross section for atom-atom interactions, typically of the order of a5. 

The solution of Eq. 2.28a is 1 (z) = 10 exp( -Gegnz), and the cross section of 
Eq. 2.28b allows for an estimate of the densities for which absorption becomes 
important. Using A. ~ 500 nm and an interaction length of I mm, the laser beam 
is appreciably absorbed if the density is of the order of 1010 atoms/cm3• Such 
densities can be achieved in optical traps, and so the total absorption of the light 
at the edge of the atomic cloud can severely diminish the trapping potential. Also, 
the reabsorption of spontaneously emitted light causes a repulsion between the 
atoms, which limits the obtainable density in optical traps. 



3 
Force on Two-Level Atoms 

Laser cooling and trapping rely on the interaction between laser light and atoms 
to exert a controllable force on the atoms, and many sophisticated schemes have 
been developed using the special properties of the interaction. The outcome is a 
new field called laser cooling and trapping of atoms that has flourished over the 
last decade. 

This chapter considers the simplest schemes for exerting optical forces on atoms, 
namely, a single-frequency light field interacting with a two-level atom. The de­
scription is one dimensional (the z-direction) and shows how the absorption and 
emission of light alters the velocity of the atoms. It is based on the interaction of 
two-level atoms with a laser field as discussed in Chapters 1 and 2. Although this is 
the simplest possible scheme, it is pedagogically valuable because it shows many 
of the features that will be encountered in the rest of the book. 

3.1 Laser Light Pressure 

The philosophy of the correspondence principle requires a smooth transition be­
tween quantum and classical mechanics. Clearly the orbits of the planets can be 
described with arbitrary accuracy using classical mechanics, but just as clearly, 
they must conform to the rules of quantum mechanics. The quantum version of 
Newton's laws is embodied in the Ehrenfest theorem [26], a simple statement that 
the expectation value of an operator must correspond to the behavior of its classical 
counterpart. 
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In this section the semiclassical description of the interaction of a light field 
with a two-level atom is used to derive the laser light pressure on an atom. The 
force F on an atom is defined as the expectation value of the quantum mechanical 
force operator F, as defined by 

d 
F = (F) = - (p) . 

dt 
(3.1) 

The time evolution of the expectation value of a time-independent quantum me­
chanical operator A is given by [6] 

d i 
dt (A) = Ii ([H, A]) . 

The commutator of Hand p is given by 

aH 
[H, p] = ili-, 

az 

(3.2) 

(3.3) 

where the operator p has been replaced by -ili(ajaz). The force on an atom is 
thus given by 

F=-(~7)· (3.4) 

This relation is a specific example of the Ehrenfest theorem and forms the quantum 
mechanical analog of the classical expression that the force is the negative gradient 
of the potential. 

Discussion of the force on atoms caused by light fields begins with the relevant 
part of the Hamiltonian of the system, H' (t) given in Eq. 1.8. Then the force is 
simply 

(F) = F = e(:z (l(r, t)· r)). (3.5) 

Using the electric dipole approximation, i.e., neglecting the spatial variation of the 
electric field over the size of an atom, allows the interchange of the gradient with 
the expectation value, and gives 

F = e :z ((l(r, t) . r)) , (3.6) 

whose matrix has only off-diagonal entries. The expectation value can be found 
using the definition of the Rabi frequency of Eq. 1.10 and the expectation value 
(A) = Tr(pA) from Eq. 2.4, resulting in 

( an * an* ) 
F = Ii azPeg + a;:Peg . (3.7) 

Deriving this result requires the RWA that neglects terms oscillating with the laser 
frequency. Note that the force depends on the state of the atom, and in particular, 
on the optical coherence between the ground and excited states, Peg. 
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Although it may seem a bit artificial, it is instructive to split anjaz into its real 
and imaginary parts (the matrix element that defines n in Eq. 1.10 can certainly 
be complex): 

(3.8) 

Here qr + iqi is the logarithmic derivative of n. In general, for a field E(z) = 
Eo(z) exp(i¢(z» + c.c. the real part of the logarithmic derivative corresponds to 
a gradient of the amplitude Eo(z) and the imaginary part to a gradient of the phase 
¢(z). Then the expression for the force becomes 

Equation 3.9 is a very general result that can be used to find the force for any 
particular situation as long as the optical Bloch equations (OBE) for Peg can be 
solved (see Eqs. 2.21). In spite of the chosen complex expression for n, it is 
important to note that the force itself is real, and that first term of the force is 
proportional to the real part of np:g , whereas the second term is proportional to 
the imaginary part. 

3.2 A Two-Level Atom at Rest 

The remainder of this chapter will be devoted to two specific cases for the laser 
field. The first one is a traveling wave whose electric field is given by Eq. 1.9: 

E(z) = ~o (ei(kZ-WI) + c.c.). (3.10) 

In calculating the Rabi frequency from this, the RWA causes the positive frequency 
component of E(z) to drop out (see Eqs. 1.2 and 1.10). Then the gradient ofthe 
Rabi frequency becomes proportional to the gradient of the surviving negative 
frequency component, so that qr = 0 and qi = k. For such a traveling wave the 
amplitude is constant but the phase is not, and this leads to the nonzero value of 
qi· 

This is in direct contrast to the case of a standing wave, composed of two 
counterpropagating traveling waves so its amplitude is twice as large, for which 
the electric field is given by 

E(z) = Eo cos(kz) (e- iW1 + c.c.) , (3.11) 

so that qr = -k tan(kz) and qi = o. Again, only the negative frequency part 
survives the RWA, but the gradient does not depend on it. Thus a standing wave 
has an amplitude gradient, but not a phase gradient. The singularity in qr from the 
tangent function for a standing wave does not lead to problems, since it occurs at 
the node of the field where the Rabi frequency n is zero. 
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The steady-state solutions of the aBE for an atom at rest are given in Eqs. 2.23. 
Substituting the solution for Peg of Eq. 2.23b into Eq. 3.9 gives 

(3.12) 

Note that the first term is proportional to the detuning ", whereas the second term 
is proportional to the decay rate y. For zero detuning, the force becomes F = 
(hky /2)[so/(so + 1)], a very satisfying result because it is simply the momentum 
per photon hk, times the scattering rate yp of Eq. 2.26. 

It is instructive to identify the origin of both of the terms in Eq. 3.12. Absorption 
of light leads to the transfer of momentum from the optical field to the atoms. If the 
atoms decay by spontaneous emission, the recoil associated with the spontaneous 
fluorescence is in a random direction, so its average over many emission events 
results in zero net effect on the atomic momentum. Thus the force from absorption 
followed by spontaneous emission can be written as 

Fsp = hk Y Pee, (3.13) 

where the first factor is the momentum transfer for each photon, the second factor 
is the rate for the process, and the last factor is the probability for the atoms 
to be in the excited state. Although it may seem natural for this expression to 
depend on the ground-state population Pgg and not the excited-state population 
Pee, using Pee simply builds in the dependence of absorption on detuning and 
intensity, including saturation. Using Eq. 2.26, the force resulting from absorption 
followed by spontaneous emission becomes 

F. _ hksoy/2 
sp - -1-+-s-o-+-(2-"-/-y-=)2' (3.14) 

which saturates at large intensity as a result of the factor So in the denominator. 
Increasing the rate of absorption by increasing the intensity does not increase the 
force without limit, since that would only increase the rate of stimulated emission, 
where the transfer of momentum is opposite in direction compared to the absorp­
tion. Thus the force saturates to a maximum value of hky /2, because Pee has a 
maximum value of '/2 (see Eq. 2.25). 

Examination of Eq. 3.13 shows that it clearly corresponds to the second term 
of Eq. 3.9. This term is called the light pressure force, radiation pressure force, 
scattering force, or dissipative force, since it relies on the scattering of light out of 
the laser beam. It vanishes for an atom at rest in a standing wave where qi = 0, 
and this can be understood because atoms can absorb light from either of the 
two counterpropagating beams that make up the standing wave, and the average 
momentum transfer then vanishes. This force is dissipative because the reverse of 
spontaneous emission is not possible, and therefore the action of the force cannot 
be reversed. It plays a very important role in the slowing and cooling of atoms as 
discussed in Chapters 6 and 7. 
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By contrast, the first term in Eq. 3.9 derives from the light shifts of the ground and 
excited states, described in Sec. 1.2.1. Such light shifts depend on the strength of the 
optical electric field. A standing wave is composed of two counterpropagating laser 
beams, and their interference produces an amplitude gradient that is not present 
in a traveling wave. The resulting spatially modulated light shift produces a force 
that is different from that of Eq. 3.13. The force is proportional to the gradient of 
the light shift, and Eq. 1.17a can be used to find the force on ground-state atoms 
in low intensity light: 

a(L'1Eg) hQ aQ 
Fdip=- =--. 

az 28 az 
(3.15) 

For an amplitude-gradient light field such as a standing wave, aQjaz = qrQ, and 
this force corresponds to the first term in Eq. 3.9 in the limit of low saturation 
(s « 1). The apparent difference in the dependence on 8 is merely a consequence 
of the expansion of the radical as done in Eqs. 1.17. 

For the case of a standing wave Eq. 3.12 becomes 

2hk8so sin 2kz 
Fd· - -----=------::-

Ip - 1 + 4so cos2 kz + (28jy)2' 
(3.16) 

where So is the saturation parameter of each of the two beams that form the standing 
wave. For 8 < 0 the force drives the atoms to positions where the intensity has 
a maximum, whereas for 8 > 0 the atoms are attracted to the intensity minima. 
The force is conservative and can be written for an atom at rest as the gradient of 
a potential U dip given by 

u. = ~h810 (1 + 4socos2 kz + (28 jy )2). 
dip 2 g 1 + (28jy)2 

(3.17) 

The potential depth can be increased by increasing 8 because of the first factor, but 
when (8jy)2 becomes much larger than So the potential depth decreases because 
ofthe logarithmic term in Eq. 3.17. When (8jy)2 »so the potential Udip reduces 
to the light shift L'1Eg of Eq. 1.17a, corrected for the presence of two beams. 

The force Fdip is called the dipole force, reactive force, gradient force, or redis­
tribution force. It has the same origin as the force of an inhomogeneous dc electric 
field on a classical dipole, but relies on the redistribution of photons from one laser 
beam to the other. The entire Chapter 9 is devoted to dipole forces, and they play 
an important role in both cooling and trapping of atoms, as discussed in Chapters 8 
and 11. 

It needs to be emphasized that the forces of Eqs. 3.14 and 3.16 are two funda­
mentally different kinds of forces. For an atom at rest, the scattering force vanishes 
for a standing wave, whereas the dipole force vanishes for a traveling wave. The 
scattering force is dissipative, and can be used to cool, whereas the dipole force 
is conservative, and can be used to trap. Dipole forces can be made large by us­
ing high intensity light because they do not saturate. However, since the forces 
are conservative, they cannot be used to cool a sample of atoms. Nevertheless, 
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they can be combined with the dissipative scattering force to enhance cooling in 
several different ways, as described in Chapters 8 and 9. By contrast, scattering 
forces are always limited by the rate of spontaneous emission y and cannot be 
made arbitrarily strong, but they are dissipative and are required for cooling. 

3.3 Atoms in Motion 

Laser cooling requires velocity-dependent forces that cannot derive from the gra­
dient of a potential. Instead, it depends upon dissipative forces that are velocity 
dependent. Including the velocity of the atoms in the OBE is possible, but the 
resulting equations are usually too hard to solve analytically. 

Instead, the procedure will be to treat the velocity of the atoms as a small 
perturbation, and make first-order corrections to the solutions of the OBE obtained 
for atoms at rest [27]. It begins by adding drift terms in the expressions for the 
relevant quantities. Thus the Rabi frequency satisfies 

dQ aQ aQ aQ 
- = - +v- = - +v(q +iq·)Q, 
dt at az at r I 

(3.18) 

where Eq. 3.8 has been used to separate the gradient of Q into real and imaginary 
parts. In the same way, differentiating Eq. 2.23a leads to 

dw aw aw aw 2vqrs 
-=-+v-=-- , 
dt at az at (1+s)2 

(3.19a) 

since So = 21Q12/y2 and Q depends on z. Similarly, differentiating Eq. 2.23b 
leads to 

dPeg OPeg aPeg aPeg ivQ [(1- S) . ] 
dt = --at + Vaz = --at + 2(y/2 - i8)(1 + s) qr 1 + s + lqi . 

(3.19b) 
In both of these calculations it must be remembered that Q is complex, so differ­
entiating So results in two terms that give aso/az = 2qrso. In Eqs. 3.19 the value 
of w in ow /az has been taken from its steady-state value given by Eq. 2.23a, and 
similarly for Peg. Since neither w nor Peg is explicitly time dependent, both aw/at 
and aPeg / at vanish. The Eqs. 3.19 are still difficult to solve analytically for a gen­
eral optical field, and the results are not very instructive. However, the solution 
for the two special cases of the standing and traveling waves provide considerable 
insight. 

3.3.1 Traveling Wave 

For a traveling wave qr = 0, and the velocity-dependent force can be found by 
combining Eqs. 3.19 with Eqs. 2.22 to eliminate the time derivatives dw/dt and 
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dPeg / dt. The resulting coupled equations for wand Peg can be separated and 
substituted into Eq. 3.9 for the force to find, after considerable algebra, 

F - Ii . sy /2 (I 28vqi ) = fj - fJv 
- q1l+s + (l+s)(82+y2/4) - 0 . 

(3.20) 

The first term is the velocity-independent force Fo for an atom at rest given by 
Eq. 3.12. The second term is velocity-dependent and can lead to compression of the 
velocity distribution. For a traveling wave qi = k and thus the damping coefficient 
fJ is given by 

_ -lik2 4so(8/y) 
fJ - (1 + So + (28/y)2)2' 

(3.21) 

Note that such a force would compress the velocity distribution of an atomic 
sample for negative values of 8, i.e., for red detuned light. For small detuning and 
low intensity the damping coefficient fJ is linear in both parameters. However, for 
detunings much larger than y and intensities much larger than Is, fJ saturates and 
even decreases as a result of the dominance of 8 in the denominator of Eq. 3.21. 
This behavior can be seen in Fig. 3.1, where the damping coefficient fJ has been 
plotted as a function of detuning for different saturation parameters. The decrease 
of fJ for large detunings and intensities is caused by saturation of the transition, 
in which case the absorption rate becomes only weakly dependent on the velocity. 
The maximum value of fJ is obtained for 8 = - y /2 and So = 2, and is given by 

fJrnax = Iik2 / 4. (3.22) 

The damping rate r is given by r == fJ / M, and its maximum value is 

Iik2 Wr 
rrnax = - =-, 

4M 2 
(3.23) 

where Wr is the recoil frequency discussed near the end of Sec. 5.1. For the alkalis 
this rate is of the order of 104_105 s-I, indicating that atomic velocity distributions 
can be compressed on the order of 10-100 J..LS. Furthermore, Fo in Eq. 3.20 is always 
present and so the atoms are not damped toward any constant velocity. 

3.3.2 Standing Wave 

For a standing wave qi = 0, and just as above in Sec. 3.3.1, the velocity-dependent 
force can be found by combining Eqs. 3.19 with Eqs. 2.22 to eliminate the time 
derivatives. The resulting coupled equations for w and Peg can again be separated 
and substituted into Eq. 3.9 for the force to find 

_ s8 ( (l-S)y2-2S2(82+y2/4)) 
F--liqr l+s I-vqr (82+y2/4)(l+s)2y , (3.24) 

where qr = -k tan(kz). In the limit of s « 1, this force is 

s08y2 ( Y ) 
F=lik 2(82+y2/4) sin2kz+kv(82+y2/4) (l-cos2kz) . (3.25) 


